Abstract. This paper considers the effect of three types of perturbations of large magnitude but small extent on a class of linear eigenvalue problems for elliptic partial differential equations in bounded or unbounded domains. The perturbations are the addition of a function of small support and large magnitude to the differential operator, the removal of a small subdomain from the domain of a problem with the imposition of a boundary condition on the boundary of the resulting hole, and a large alteration of the boundary condition on a small region of the boundary of the domain. For each of these perturbations, the eigenvalues and eigenfunctions for the perturbed problem are constructed by the method of matched asymptotic expansions for small, where is a measure of the extent of the perturbation. In some special cases, the asymptotic results are shown to agree well with exact results. The asymptotic theory is then applied to determine the exit time distribution for a particle undergoing Brown|an motion inside a container having reflecting walls perforated by many small holes.
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Key words, eigenvalues, strong localized perturbations, solvability conditions, asymptotic expansions AMS(MOS) subject classifications. 35B25, 35C20, 35P99 Introduction. A perturbation of large magnitude but small extent will be called a strong localized perturbation. It may be contrasted with a weak perturbation, which is of small magnitude but may have large extent. We shall show how to calculate the effects of strong localized perturbations on the solutions of eigenvalue problems.
Three examples of strong localized perturbations that we will consider are the addition of a function of small support and large magnitude to a differential operator, the removal of a small subdomain from the domain of a problem with the imposition of a boundary condition on the boundary of the resulting hole, and a large alteration of the boundary condition on a small region of the boundary of a domain.
Problems analogous to those of the first kind arise in the measurement of the electrical properties of a sample of material by the change it produces in the resonant frequency of a cavity oscillator in which it is placed. Problems involving the effect of perturbing the boundary condition occur in calculating the change in resonant frequencies in room acoustics due to absorbing material on portions of the wall or ceiling. They also occur in analyzing the escape of particles from nearly closed containers.
These two expansions can be matched to determine the undetermined coefficients in both of them and in the expansion of the eigenvalue.
In 1 and 2 we consider the effect of a strong localized potential on the eigenvalues of the Schrodinger operator in a domain D of R n where n >_ 3. In 3 we determine the effect of deleting a small subdomain from D when n >_ 3. The corresponding twodimensional case is considered in 4. The results proved previously by Ozawa [3] - [6] in some special cases are reproduced in 3 and 4. For some special geometries, we also show that the asymptotic results for the perturbed eigenvalues agree well with corresponding exact analytical results.
In 5 we treat the case of a strong localized perturbation of the boundary condition. The results are applied in 6 to determine the exit time distribution for a particle undergoing Brownian motion inside a container having reflecting walls perforated by many small holes.
The present analysis has been adapted in [9] - [11] to treat the effect of strong localized perturbations on nonlinear eigenvalue problems. Corrections to fold points of S-shaped response curves were obtained and applied in combustion theory. Some related work is found in [2] .
1. Perturbation by a strong localized potential (n _> 3). Let The potential U(x), the weight function p(x) > 0, and the boundary impedance b(x) in (1.1) are given smooth functions. We assume that (1.1) has a simple isolated eigenvalue A0 with a corresponding eigenfunction uo(x). If D Rn, condition (1.1b) is to be omitted. Now we introduce a strongly perturbed form of this problem by adding to (1.1a) the perturbing potential e-2V(y), where y (x-x0)/. Here x0 is an interior point of D, and is a small parameter proportional to the range of the perturbing potential. We require that V(y) tend to zero sufficiently rapidly as lYl tends to infinity. The outer expansion of u must begin with u0, and the expansion of must begin with A0; so we write 
Since the behavior of Ul(X) as x tends to x0 is not yet known, the function u is not yet completely defined. However, u0 was defined as a solution of (1.1), so it is regular t x0.
To write the inner expansion of u, we introduce the stretched variable y (x x0)/e and set v(y, ) u(xo + y, ). Then (1.13) are uniquely determined by the solution d0(y), so they are determined by the perturbing potential V(y). In three dimensions (n 3), C has the dimensions of length, and it is called the "scattering length" of V.
We now use vo(y) uo(xo)?o(y) in (1.12) and set y (x-xo)/e. Then the second term in the far field form of uo(xo)do(y) becomes -en-2u0(x0)C/Ix-x01 n-2, which must be matched by the second term ul (e)tl (X) on the left-hand side of (.2). Therefore, the first gauge function must be /21 (() en-2, and then (1.14)
This condition determines the previously unknown behavior of ltl (X) aS Z tends to z0.
Problems (1.6) and (1.14) are an inhomogeneous form of (1. 
We now must determine the singular behavior of u2 as x tends to x0.
To do so, we first calculate the next term in Ul for x near x0 by using (1.6) and (1.14). We find that it is given by 0(X0) C Ix xo[ 4-n for n 5, Here a is a constant, independent of C but depending on n, which is determined uniquely by the solution u. Writing We will now solve (3.1) for > 0. In the outer region away from the hole D, we expand u, A, as in (1.4), (1.5) with ul (e) n-2 and u2(e) n-1 to derive (1.6) for the correction ul and (2.1) for the correction u2. The solvability condition for Ul is given in (1.15), with an analogous condition holding for u2. To determine the singular behavior for Ul and u2 as x tends to x0, needed for the solvability condition, we must construct an inner expansion near D. In the inner region, we write y e-l(x-x0), v(y, e) u(xo + ey, e) to obtain, in place of (1.7),
In (3.2) Ay and 0n. denote derivatives with respect to y and D1 is the domain D in the y variable. Expanding v in powers of e as in (1.8), we obtain the following inner problems (3.3)-(3.5) in place of (1.9)-(1.11)" 
u(x,e) uo(x) + e u3(x) +-.., In the special case when r0 0 and > 0, it is possible to determine explicitly the constant c appearing in (3.25a). Since j0(0) 0, then (3.25a) reduces to (3.27) A(e) Ao + 4 r e C() Ng 4 r e 2 a C2(n) Ng +.... 0, we readily recover (3.25b), (3.25c), and (3.30) with r0 0, C() a2/(1+ a), S1 4rra 2 and V1 4rraa/3. In Table 1 we compare the asymptotic result (3.30) with the smallest eigenvalue of (3.1) obtained by solving (3.31) numerically when 1. In Table 2 we compare our asymptotic result (3.30) with the smallest eigenvalue of (3.1) for oc, which is given explicitly by A(e) rr2(1-e) -2 From these tables, we observe that the three-term expansion (3.30) for the smallest eigenvalue of (3.1), when a 1, is within 3 percent of the exact value even when e 1/2. We would expect similar agreement for the case of a hole of arbitrary shape. Now, if > 0 and A0 is not the minimum eigenvalue of (1.1), then jo(v/oro) 0 for some r0. For a deletion centered at a point on such a nodal line, the corrections to 0 of orders e and e 2 in (3.25a) both vanish. The first nonzero correction is O(ea), which is given in (2.17). From The tensor Bij(oc) was given explicitly in (3.21) for ellipsoids, and Bij(n) was given in (3.22) when D1 is a sphere of radius a. [6] , [4] . See also Swanson [7] . Our Proposition 2 and Corollaries 4 and 5 extend these results to the case of arbitrary hole shape, arbitrary >_ 0, vanishing u0(x0), and in the case where/% > 0 to further terms.
To illustrate the theory, we let D be a circular cylindrical domain of radius 1.
The normalized radially symmetric eigenfunctions and associated eigenvalues for (1. The solution to (4.34) is (4.a5 ) In Table 3 we compare the expansion (4.32c) for the smallest eigenvalue of (3.1), when b oc, with the corresponding exact result obtained from the numerical solution to (4.36). The asymptotic result is found to be within 1 percent of the exact result even when e .1 In Table 4 we compare our three-term result (4.32a), (4.35b) for the smallest eigenvalue of (3.1), in the cases where b oc and n oc, against the exact result obtained from the numerical solution to (4.36 We now show how, for r0 0, we can get a better determination of the perturbed eigenvalue than that given by (4.32a). 
Here is constant, OD is that part of the boundary within the sphere of radius on which b has been changed, and OD is the rest of the boundary of D.
We proceed to solve this problem for e << 1 by the method of 2-4. In particular, if n 3 the equations of 3 still apply if we modify the inner problems so that they are solved in the half-space bounded by the tangent plane to OD at x0. The solvability condition (1.15 In the inner region, we introduce e-s, r/-e-n, v(,/,e) u(s,n,e) and 
Here 0 is an eigenvalue of (1.1), and L is the indicator function, which is defined to be unity if x OD and zero otherwise. Applying Green's identity to (1.1) An (e) An0 In (6.7), Ci(oc) is the "capacitance" of the ith hole, defined in (5.19), In the outer expansion (6.8) , the correction term u,,1 (x) satisfies (6.10a) AxUnl / AnO Unl --Anl UnO, X D; 6,Unl O, x cOD, (6.10b) nl(X)-uo(x)Ci(oc)/Ix-xl as x---,x, i-l,...,N. The expansion (6.9) is the inner expansion of u(x, e) near x. In terms of a local curvilinear coordinate system near x each term v satisifes (5.19) '0'
The first eigenvalue in the absence of the holes is 10 0 and the corresponding normalized eigenfunction is Ulo(x) V -1/2. Since the u0 are orthogonal, we have fD uno(x)dx 0 for n >_ 2. We now use this fact and (6.8) to get (6.11) Upon using (6.7) and (6.11), the sums in (6.5) and (6.6) Now substituting vi(y) ai5(y), ui(x) aig(x) into (A.1) and (A.3a), we obtain two geometric series, which can be summed explictly when Ifl/log led(n)] < 1. Finally, applying the solvability condition (1.15) 
